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Abstract

Given a properly face two-coloured triangulation of the graph K, in a
surface, a Steiner triple system can be constructed from each of the colour
classes. The two Steiner triple systems obtained in this manner are said
to form a biembedding. If the systems are isomorphic to each other it is
a self-embedding.

In the following, for each k > 2, we construct a self-embedding of the
doubled affine Steiner triple system AG(k,3) in a nonorientable surface.
We also make use of a construction due to Grannell, Griggs and Siré to
obtain a biembedding of AG(k,3) in a nonorientable surface that is not
a self-embedding for k£ > 2.

1 Introduction

A Steiner triple system of order v, an STS(v), is an ordered pair (V,B) where V
is a set of cardinality v and B is a collection of triples which has the property that
each pair of distinct elements of V' occurs in precisely one triple. The necessary and
sufficient condition for the existence of an STS(v) is that v = 1 or 3 (mod 6) [14].
Now consider a triangulation of the complete graph K, in a surface. Such a
triangulation exists in an orientable surface if and only if n = 0,3,4 or 7 (mod 12)
and a nonorientable surface if and only if n = 0,1,3 or 4 (mod 6) and n > 9 [15].
Suppose that the triangulation we are considering satisfies the additional property
that its faces can be properly 2-coloured. Then the set of faces of each colour class
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forms a Steiner triple system of order n, and we say that the two Steiner triple
systems obtained in this manner are biembedded in the surface.

For such a biembedding to exist the number of faces around each vertex (n — 1)
must be even. So if the surface is orientable, a necessary condition is that n =
3 or 7 (mod 12), whereas if the surface is nonorientable, a necessary condition is that
n =1 or 3 (mod 6). These necessary conditions are also sufficient, the orientable case
n = 3 (mod 12) was established in [15]; the orientable case n = 7 (mod 12) in [18]; the
nonorientable case n = 9 (mod 12) in [15] and a remark is made, although no details
are given, that the method described also works for the case n = 3 (mod 12), with
the details made explicit in [1]; finally the nonorientable case n = 1 (mod 6), where
n > 13 was established in [9]. A comprehensive survey of results on biemebeddings
of Steiner triple systems can be found in [6]. For background on topological graph
embeddings we refer the reader to [13].

In this paper we will investigate biembeddings of Steiner triple systems that satisfy
the additional condition that the two systems are isomorphic to each other; such
a biembedding is called a self-embedding of a Steiner triple system. For example
consider the face 2-coloured triangulation of K, in the torus depicted in Figure 1;
the corresponding Steiner triple systems are S; = (V, By) and Sy = (V, By) where

By = {{0,1,3},{1,2,4},{2,3,5},{3,4,6},{4,5,0}, {5,6,1},{6,0,2} }

and

B, = {{0,1,5},{1,2,6},{2,3,0},{3,4,1},{4,5,2},{5,6,3},{6,0,4} }.

The map ¢ : V. — V given by v — —v (mod 7) is an isomorphism from S; to 5.
Thus the biembedding is a self-embedding.

Figure 1: A biembedding of a pair of STS(7) in the torus.

Steiner triple systems obtained from the Bose construction have self-embeddings
in both orientable and nonorientable surfaces [4, 8]. Further investigation of self-
embeddings of Steiner triple systems was carried out in [10], in which the existence of
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self-embeddings in nonorientable surfaces of Steiner triple systems from a a large and
well-structured class of systems (2-rotational Steiner triple systems) was established.

Self-embeddings of other combinatorial designs have also been studied and infinite
families established [3, 12, 17].

Consider a triangular embedding of the complete tripartite graph K, ,. Such an
embedding is face 2-colourable if and only if the surface is orientable [7]. In this case
the faces in each colour class can be regarded as the triples of a transveral design
with block size three and we say the face 2-coloured embedding is a biembedding
of the two transversal designs; such biembeddings exist for all n [16]. If the two
transversal designs forming a biembedding are isomorphic the biembedding is called
a self-embedding. The existence of self-embeddings of transversal designs has been
studied in [3] and [17].

Next consider a properly face two-coloured embedding of the complete graph K,
in a surface in which all the faces are cycles of length m. Then the faces of each
colour class form an m-cycle system of order n and we say that the embedding is
a biembedding of the two cycle systems. Necessary and sufficient conditions for the
existence of biembeddings of m-cycle system of order 2m + 1 for both orientable and
nonorientable surfaces were established in [12]. In the orientable case the biembed-
dings provided in [12] are self-embeddings (the cycle systems obtained from the face
colour classes are isomorphic).

Recall that in the case of transversal designs self-embeddings are necessarily in
orientable surfaces. Although biembeddings of symmetric cycle systems are not nec-
essarily in orientable surfaces the only known results for self-embeddings of symmetric
systems are for orientable surfaces.

The above results on self-embeddings of transversal designs and symmetric cycle
systems along with many biembedding (and self-embedding) results for Steiner triple
systems rely on the systems (or fixed subsystems) containing a cyclic automorphism,
e.g. the results in [9, 10, 15, 18]. In this paper, rather than using the structure
provided by a cyclic automorphism of a (sub)system, we use the structure of the
subsystems isomorphic to affine Steiner triple systems of order v = 3™ (which have
the automorphism group AXL(n, 3), the affine semilinear group [2]).

2 Steiner triple system constructions

Before establishing the self-embeddings we are concerned with we will discuss some
well known constructions of Steiner triple systems. Details on these and many other
constructions of Steiner triple systems can be found in [2].

Let (V, B) be a Steiner triple system and suppose that {z,y, z} € B; then, for ease
of notation, we will often denote this triple by zyz € B.

Let V = Z& and let B be the set of triples {x,y,z} where x,y,z € V,x+y+z =0
and x #y # z # x. Then (V,B) forms an STS(3%) called an affine Steiner triple
system and is denoted by AG(k, 3).

We now consider two recursive constructions of Steiner triple systems.

Let S = (V, B) be a Steiner triple system of order v. Let W = (V x Zy)U{oc}. For
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ease of notation, for z € V' we will represent the element (z,0) as x and the element
(z,1) by T. Let

C= {xyz,x%,fy?,x_yz | zyz € B} U {ooxf |z € V}.

Then (W,C) is an STS(2v+1). We say that (W,C) is a doubled Steiner triple system,
more specifically it is a doubling of the system S = (V,B) and we will denote it by
4(S).

Let S = (V,B) be a Steiner triple system of order v. Let U =V x Z3 and
D = {(z,0)(x,1)(x,2), (y:0)(y, 1)(y,2), (2,0)(2 1)(2,2),
(2,0)(y,0)(2,0), (z,0)(y, 1)(z,2), (z,0)(y,2)(2, 1),
(2, 1)(y,0)(2,2), (z,1)(y, 1)(z, 1), (2, 1)(y,2)(2, 0),

(2,2)(y,0)(2, 1), (x,2)(y, 1)(2,0), (2, 2)(y, 2)(2,2) | zyz € B}.

Then (U, D) is an STS(3v); we say that (W,C) is a tripling of the Steiner triple
system S = (V, B). (The version of tripling described here is a particular instance of
the more general singular direct product of triple systems, see (2, pg 39].)

Observe that the tripling of AG(k, 3) yields a Steiner triple system isomorphic to
AG(k+1,3). Before proving the main result of this paper we use this observation to
prove that for every affine Steiner triple system AG(k, 3) there exists a biembedding
of a pair of Steiner triple systems in which one of the systems is isomorphic to
AG(k,3). When k > 2 these biembeddings are in nonorientable surfaces and when
k > 3 they are not self-embeddings.

Given a pair of Steiner triple systems of order v, say S = (V,B) and T = (V,C),
construct a pseudo-surface P in the following manner. Each triple zyz € BUC
corresponds to a face with vertices x, y and z and edges between each pair of vertices.
The pseudo-surface is obtained by identifying edges in these triples if they have the
same end-vertices. If the rotation at each vertex, v € V say, is a full rotation, i.e. the
rotation at v consists of a single permutation that contains each vertex in V' \ {v}
exactly once, then the pseudo-surface is a surface. See [13] for details.

The following theorem is a special case of the nonorientable analogue of [8, Con-
struction 6]. We provide a simplified proof for this special case.

Theorem 2.1 (Grannell, Griggs & Sirai, [8]). Suppose that S and T are a pair
of STS(n) on the same vertex set V such that S and T form a biembedding in a
nonorientable surface and where T contains a parallel class. Then there exists a
biembedding of a pair of STS(3n) such that one of the STS(3n), S" say, can be
obtained by tripling S and the second STS(3n), T' say, contains a parallel class.

Proof. First note that for Steiner triple system to contain a parallel class its order
must be 3 modulo 6. Let S = (V,B) and T" = (V,C) be Steiner triple systems of
order n = 6m + 3. Suppose that P C C is parallel class of triples in T". Define S’ to
be the tripling of S and define 7" = (V' x Z3,C’) where, denoting (v,i) € V x Zj3 as
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¢ = {dVc|abceC\Pandi+j+k=0(mod3)} U
{aoalcz, a’a’ct, a’b’h?, a®b'P, ata®, a'blh’,

a'v’ct, a®b'b?, a*b0c?, °0ct, betc?, AP | abe € 73}.

Note that the choice of a, b and ¢ for each triple in the parallel class is independent
of the other triples.

Let abc € P; we show that there is a full rotation around each of the vertices in
{a,b,c} x Z3. Note that for any triple def € (BUC) \ P, all of the triples of the
form die’ f* for i + j + k = 0 (mod 3) are in either S’ or in 7". Denote the rotations
around a, b and ¢ in the biembedding of S and T as

a: (bxyzaxs ... TemC)
b: (19293 - Yom @)
c: (az1 2223 ... 26m )

Then the rotations around each vertex in {a, b, ¢} X Z3 in the pseudo-surface obtained
from S” and 7" are given below.

a’ (0202 ad, At atalal o al ratalctal, ... xladalb?)
a': (Watadalooal b ala2al . a2 La?a® Al ... 22222 0)
2. (32,222 2 230 .1.,0 1 0 1,0.1.0.1 0,.1,0pl
a (b*xya5as ... xg, " xyryxy ... xg, A’ a & Xg,, ... T35 D7)
0. 1,212 12 2,1,2 1 2 17152 0,0 0,0,0 .0
0 (CYTYaYs o Yom @ CYIY2 Yz o Yo @ b DT Y Y3 Ya i )
1, 2,020 2 0.0,2,0 2 0 27270 1,1 11,1 .1
b (YWY Ys - Yom @ YL Y2 Y5 - Yom @O0 Yo Y3 a1 )
2 0,1,0,1 0 1.1,0,1,0 1 0p0pl 42,02 2,22 2
07 (P Yy Ys o Yom @ C Y Y2 Y5 e Yom @ V0 Yo Y3 Y2 YT )
0. 21,21 2 110 .0 ,0,0 0 101,272 .1 21,2 1
o (af ey zy g, bt a2 20 2 o2 00 D g, 25 2y 27 at)
o (@22 2022 20 VPat a2l 0PN R2 202220 a?)
2, 1.0 ,1,0 170,22 ,2 .2 2 120171 .0 1.0 1,0
¢ (a' 22y 2y ooz, 0P at 2 25 25 L 25, b7 b 2g L 23 29 2 al)

As each of these are single cycles, i.e. full rotations, we have that the pseudo-surface
is indeed a surface and hence is a biemebdding of S" and T".

Note that the collection {a’a'c?, a?b'b?, b°Pc! | abe € P} is a parallel class of T".
Hence, all that remains is to show that the surface we have obtained is nonorientable.
To do so it is sufficient to show that the vertex rotations can not be consistently
directed.

Suppose, for a contradiction, that the surface is orientable, in which case the
surface satisfies Ringel’s Rule A*, see [13]. Without loss of generality we can choose
the orientation of the face with vertices a’, a' and a? so that in the facial walk these
vertices appear in the cyclic order (a°, a', a?). This implies that the rotations at a°,
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a' and a? have the following, consistent, orderings.

a® (P OB Rata®et L)
a s (b et Pa?al )
a®: (.0 2 ctalat L)

The rotation at a? implies that the facial walk of the face containing vertices a?,

c* and b° has the cyclic ordering (a?,¢?/8°). So in order to be consistent with the
rotation at a?, the rotation at b should be

v (ol etia?e? o at bt Pal ).

Now the rotation at a! implies that the facial walk of the face containing vertices
a', 1% and b' has the cyclic ordering (a', ", b'), while the rotation at b° implies that
facial walk should have cyclic ordering (8°, a', b'). O

Corollary 2.2. For all k > 2 there exists a biembedding of a pair of STS(3*) in a
nonorientable surface in which one of the systems, S say, is isomorphic to AG(k,3)
and the other system, T say, contains a parallel class. Moreover, T is isomorphic to

AG(k,3) if and only if k = 2.

Proof. Up to isomorphism there is a unique STS(9), and by [15] there exists a biem-
bedding of a pair of STS(9) in a nonorientable surface (no orientable biembedding
can exist as 9 # 3 or 7 (mod 12)). Hence, this biembedding is a self-embedding of
AG(2,3). Also note that AG(2,3) contains a parallel class.

Repeated applications of Theorem 2.1 establishes the existence of the desired biem-
beddings. Recall that tripling AG(k—1, 3) yields an STS(3%) isomorphic to AG(k, 3),
so we have that one of the systems, S, in the constructed biembedding is isomorphic
to AG(k, 3).

In order to complete the proof we need to show that for £ > 2 the second system,
T', is not isomorphic to AG(k,3). To do so we make use of the observation that
AG(k, 3) is a Hall triple system; in particular if U = (V, D) is an STS(3*) isomorphic
to AG(k, 3), then if abc, ade, bdf, ceg € D, so is afg.

For k > 2, let T = (V,C) with parallel class P be the STS(3*~!) that biembeds
with a copy of AG(k — 1,3) constructed as above. Consider a triple abc € P, then
there exist triples ade, bdf, ceg € C\'P. Hence T' = (V xZs,C’), where C' is defined as
in Theorem 2.1, contains the triples a®b'c®, a’d’e®, b'd° 2 and "e®¢°, but not a’ f2g°
(as the subscripts do not sum to zero modulo three). Thus 7" is not isomorphic to
AG(k, 3). O

It is our understanding that in [8] Grannell, Griggs and Sirani were unaware of the
above application of the nonorientable analogue of their Construction 6 [11].

Note that when £ is even any biembedding in which one of the systems is isomorphic
to AG(k, 3) must necessarily be in a nonorientable surface (if k is even, then 3% =
9 (mod 12)). If a biembedding in an orientable surface in which one of the Steiner
triple systems is isomorphic to AG(3,3) can be found and the other system contains
a parallel class, then repeated applications of Construction 6 from [8] could be used
to show that there exist biembeddings in orientable surfaces in which one of the
systems is isomorphic to AG(k, 3) for all odd k.
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3 Self-embeddings

In order to construct a family of self-embeddings of Steiner triple systems we will
use the following approach. We start with a well understood system (the affine
system AG(k,3)). We then take a second copy of the system and perform a simple
derangement (the map ¢ below) on the point/vertex set to yield a second Steiner
triple system. At this stage, in the manner described above, a pseudo-surface can be
constructed from these two systems.

We then double the first system (the system AG(k,3)) and perform a variant of
the doubling construction on the second system (which yields a system isomorphic
to the doubled AG(k, 3)). We choose this second doubling so that, together with the
doubling of AG(k,3), we ‘unpick’ the pinch points of the pseudo-surface and yield
the desired self-embedding.

In order to simplify the proof we express the second system as a doubling of
AG(k,3) to which a permutation of the point/vertex set has been applied (we do so
in such a manner that this corresponds to the variant of the doubling construction
being applied to the image of AG(k, 3) under ¢).

In the following, when no confusion is likely, we will suppress commas when writing
elements of Z%; that is if x = (21, 72,73, ...,7%) € Z, we write X = z12973. .. 7).
We also maintain the same notation as established when discussing doubling Steiner
triple systems in Section 2; that is, we will denote

e the element (x,0) = (z1, 72,23, ...,7%,0) € ZE X Zy by x = m12973 . . . 15 and
o the element (x,1) = (21, 29,23, ..., 71, 1) € ZE x Zy by X = T1T2T3 ... Tk

Consider the group Z’g{. Let ¢§ = k, and for 0 # x = zy2023...2; € Z’§ let

it = min{i | x; # 0} denote the first non-zero coordinate of x. Define the map

¢ : 75 — 7% by

where the computations in the brackets are performed modulo three.
Consider the bijection ¢ : Z§ — Zax where

vix s (o — 1)+ (1 — )3+ (23 — )37 + ..+ (2, — 1)3F

where once again computations within brackets are performed modulo three. Observe
that ¢ o ¢(x) = ¢(x) + 1 (mod 3¥), and therefore ¢ is a permutation of length 3% of
the elements of Z.

Example 3.1. Consider the case where k£ = 2, then under the map ¢
11—-21—01—12— 22— 02— 10+ 20 — 00 — 11,

and
((11) =0, ¢(21) =1, «(01) = 2, 1(12) = 3, 1(22) =4,

1(02) = 5, ¢(10) = 6, ¢(20) = 7, 1(00) = 8.
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Let W = (Z% x Zy) U {co}. We extend the map ¢ to a map ¢ : W — W given by

Vo rxaxs ... 10 = ¢(zmams . . xy) 1
T1X9X3 ... Tl —= T1x023 ... 250

o0 —r Q.

In a slight abuse of notation we will often write 1(x) = ¢(x).

We are now ready to describe our construction. Let (Z5, B) be the affine system
AG(k, 3) and take (W,C) to be the resulting doubled system 0(AG(k,3)). We will
show that (W,C) has a biembedding with the Steiner triple system (W, D), where
D = {¢(x)(y)¥(z) | xyz € C}. Denote the properly face 2-coloured pseudo-surface
generated by (W,C) and (W, D) as S; then, as before, establishing that there is a full
rotation at each vertex would imply that S is a surface. We begin with the rotation
about the vertex oo.

Lemma 3.1. In the pseudo-surface S there is full rotation about the vertex oo.

Proof. For each x € Z&, {00, x,X} € C and {c0,x,¢(x)} € D. As ¢ is a cycle of
length 3% we have that the rotation

00 : $(0) 6(0) ¢*(0) ¢*(0) ... ¢*~1(0) ¢*(0)
is a cycle of length 2(3%). O

For a fixed x = z12023...7;, € Z%, define the following maps, for 1 < r < k,
Vr @ Ly — Ly, and v : Zg — Zs3 by

Yo Y2 (_l'l - yl)(—«Tz - yz)(—l'g — yg) - (—:L‘r — yT)
Yooz g — 2,

where the computations are made modulo three. Note that 7, and v are involutions.
Using these maps we can re-express the subsets C" and D’ of triples from C and D,
respectively, that do not contain the vertex oc:

Z{{X,y,w W Ax Ym0 Xy, ) R T )}Ix,yéZé‘i,X#y};

= {{¢(X)7 ¢(y)7 ¢(7k(Y>>}7 {¢(X>7y77k(y)}7 {X7W7 ’Yk(y)}a
{xy,0(n(y)} | xy € Z§,x # y}'

For the remainder of the paper we consider x = x1x923...2 € Z’§ to be a fixed
vertex in the pseudo-surface §. In Subsection 3.1 we prove that the rotation about
vertex x is a single cycle, and in Subsection 3.2 we prove that the rotation about
vertex ¢(x) is a single cycle. Together with Lemma 3.1 these results imply that S is
a surface. Finally in Subsection 3.3 we verify that S is nonorientable.
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3.1 The rotation about x

We will write ¢;_1 and ¢ to denote the map ¢ when it is applied to a vector in Zlg_l
and a vector in Z%, respectively. The subset of triples from C containing x is

{{X,y,% WAx Y. w(y)} |y € Z5, y#X}U{{X,oo,i}},

and, as 7, is an involution, the subset of triples from D containing x is

{{X . éu(w(y))} |y € ZS, y#X} U {{X,oo,M}}-

Thus for some j the rotation about x contains the following cycle.

x: 00 5% = b, 2, Vi (gbk (by)) — Cb;;l(bl) 2, ¢k(7k(¢1;1(b1))) = b,

5 3(D2) = by 2 (6 1 (bs)) — 671 (by) = (i (¢y, (b)) = by

s kD) = by - -5 (g ) = bay 1 — (0 (byy 1))

5 65 (byjo1) 2 (3 (65, "(b2j—1))) = bay — 7i(bay) = bajr1 = Pi(x)
BEININS

Where ‘55" and ‘-2 indicate from which set of triples the face yielding this part
of the rotation is obtained.

We will prove that the rotation around x consists precisely of this cycle; i.e. that
the cycle has length 2(3%). We will use the following notation, which is introduced
above, for all 2 < 2¢ < 27,

bar = ¢ (W(dy  (bae—1))) and  bopry = Yi(ba).

It suffices to show that 7 = (cobybg --- bgjbaji1) is a permutation of length
3F +1; we do so by induction (the base case, for AG(2,3), is easily established). Let
m = 3*~! and assume that for X’ = 2,25 - 24_; the permutation 7T;:L1 has length
m + 1 and denote it as

Ty = (00 ¢p—1(a1) dr—1(az) -+ dr—1(am)),

where ¢r_1(a;) = x" and a,, = x’. We now partition the set {2,3,...,3m} into two
disjoint sets Iy and I; as follows. There is a unique 1 < r < m such that a, = 0;
write 7 = 2s or r = 25 + 1 depending on the parity of r. If r =1, set Iy = {2m + 1};
otherwise, set

In={2s+1,2m+2s+1,2m — 2s + 1}.

In either case, let I = {2,3,...,3m} \ I,.
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Claim 3.2. The permutation 7} is given by the cycle

(OO dr(anfi1) dr(az f2) v Ok(Amo1fm-1)  Or(amfm)
Or(@amfmt1) Ou(@m—1fmi2) .. Ok(@2fom—1)  ox(aifam)
<Z5k(31f2m+1) <Z5k(32f2m+2) e (bk(amflf?»mfl) ¢k(amf3m) )

where

o ifa; #0
fl_{xk—l if a; = 0,
and fori > 1
v(fic1) =1 ifie€ly anda; #0
fi = ’y(fz—l) -2 Zfl S I() and a; = 0
’y(fi—l) Zfl € Il.

The following identities will be useful when establishing the value of each f; in the
permutation 7j;.

From ¢_1(az) = dr—1(Ve-1(03 " (dr-1(a2-1)))) = ¢r—1(7r—1(a2—1)), we obtain,
for2 <20 <m-—1,

ag = Yk-1(ag—1) and Y-1(ag) = ag1. (1)

Similarly, for 2 < 20 < m — 1,

Pr—1(a20+1) = Vr—1(Pr—1(az)) and yu_1(Pr—1(a2e11)) = dr—1(aze). (2)
Finally, we note that —x; — x; = —2x; = x; for all x; € Z3, so we have
Yo-1(x') = x" and y(23) = . (3)

We proceed by induction on i. First note that if a; # 0, then b; = x = X'z, =
Or—1(al)xy = or(ayzg), so fi = zg; and if ay = 0, then by = x = X'z, =
Or—1(a)xy = op(ai(xy — 1)), so fi = xx — 1. Assume now that Claim 3.2 holds
for all 1 <7 <mn —1; we will show the claim holds for i = n.

Lemma 3.3. Suppose that n € Iy. Then

f :{ Y(far) = 1; ifa; #0
" ’Y(fnfl) - 2; Zf a; = 0.

Proof. Recall that r is the unique index such that a, = 0. We will consider three
cases, when r = 1, when r is even (r = 2s), and when r is odd (r = 2s + 1) and not
equal to one.

Case 1: r=1. Then n =2m + 1 and

bomt1 = Ye(bom) = Ye(u(aifom)) = Ve(Pr—1(ar)(fom + 1)) = Ve—1(X)7(fom + 1)
D (V(fom) = 1) = b 1(@) (Y fam) — 1) = i1 (v(fom) — 2))-

Which implies that fo,, 1 = 7(fom) — 2.
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Case 2: r = 2s; that is ag;, = 0. So ag,y; # 0. First assume that n € {2s+ 1,2m +
25+ 1}. Then

b, = Yk(bn-1) = Vk(Pr(azs fao1)) = Ve(Pr—1(a2s)(fr-1+ 1))
— i1 (1 (2) Y (fa1 + 1) 2 i1 (ages) (Y1) — 1)
= ¢k;(a2s+1(7(fn—1) - 1))

Which implies that f,, = v(f.-1) — 1.
So now assume that n = 2m — 2s + 1; then

b, = Y(bno1) = M(dr(azer1fn-1)) = Vi(Pr-1(a2s41) frn—1)
= Yr—1(Pr-1(A2541))7(fu-1) 2 Pr—1(a2s)Y(fa1) = Pr(azs(Y(fu1) — 1))
Hence, fn = ’y(fn—l) -1
Case 3: r = 2s+ 1 and r # 1; that is ass,; = 0. So ags # 0. First assume that
ne€{2s+1,2m+2s+ 1}. Then
b, = Y(bn_1) = V(dr(azs fu-1)) = M (Pr-1(a2s) fu-1) = M-1(Pr-1(a2s))7(fr-1)
D b1(a0e1)7(fart) = Glazes (V(far) — 1)
Thus7 fn = ’Y(fnfl) — 1.
Now assume that n = 2m — 2s + 1. Then
b, = Y(bn-1) = M(r(A2s41fn-1)) = Ve(Pr-1(a2e41) (fr—1 + 1))
= Yi—1(Pr—1(A2511))Y(fao1 + 1) 2 Gr—1(azs) (Y(fn1) — 1)
= dr(azs(v(fu-1) — 1)).
Hence, fn = ’y(fn—l) -1 O
Lemma 3.4. Suppose that n € I,. Then f, = vy(fn_1)-

Proof. We consider three cases, when n is even and n # m + 1, when n is odd, and
when n =m + 1.

Case 1: n is even and n # m + 1. First assume that n = 2¢ or n = 2m + 2/ for
2 <20 <m—1. Then

b, = ok (0n-1))) = Gk (Pr(az—1fa-1)))) = dr(y(@ze—1fn—1))
= (Y1 (217 (fae1)) 2 D@0y (faor)).

Hence, f, = v(fu1).
Now assume that n =2m — 20 + 2 for 2 < 2¢ < m — 1. Then

by = & (105 (bu1))) = bk (1S5 (Dr(asefu 1)) = dr(v(asefu 1))
— (1 (@27 (fa 1) Z i@z 17(far))-

Thus fn - ’y(fn—l)‘
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Case 2: nisodd. First assume that n = 20+1orn = 2m+20+1for 2 < 20 < m-—1.
Note that, as n € I, £ # s, S0 ag.1 # 0 and ag, # 0. So,

by = k(bn-1) = Ve(dr(azefu-1)) = Ye(Pr-1(a2e) f-1) = Ye-1(dr—1(a20))7(fn-1)
@ r—1(aze11)Y(fa1) = r(azer17(fro1))-

Hence, f, = v(fu1).
Next assume that n = 2m — 20+ 1 for 2 < 20 < m — 1. Again, asn € [}, { # s,

S0 agy1 # 0 and agy # 0. Hence,

b, =vk(bn-1) = W(Pr(azes1fn-1)) = Vr(Pe-1(a2e41) fr-1)
= 1 (D1 (s )V (o 1) 2 Gr1(a20)7(fa 1) = br(@zey(fa1))-

SO) fn = V(fn—l)'
Finally assume that n = 2m + 1. Then, as a; # 0,

bomir1 = Ye(bom) = e(dr(arfom)) = W(Pr-1(a1) fom) = Ve—1(x)v(fom)
DX fom) = Dr1(@) Y o) = Dr(@17(fom))-

We have that fo,,11 = v(fom)-

Case 3: n=m+ 1. If f,, = zy, then a,, f,, = x and co follows b,, = ¢x(x) in the
rotation around x. Thus, we first show that f,, # xx. Note that vy(y) = x} if and
only if y = x,. Recall that r is the unique index such that a, = 0, and set r* =rif r
is odd and set r* = r + 1 if 7 is even (note that, as m = 3*71 7* < m). From above
we have that f; = v(fi_1) for all 2 <i <m, i # r*. Thus, fi =25 for 1 <i<r*—1
and f; # xp, for r* <i < m. Recall that a,, = x’; then

bt = or((@r (b)) = dr(v(dr  (0r(X fn)))) = Gr(1(X fm))
= Sk (o1 ()Y (o)) 2 DXy (fon)-

Hence, fm+1 = V(fm) O

From Lemmas 3.3 and 3.4, we know 77 is a permutation of length at least 3m +
1 = 3% + 1. Since (W,C) and (W, D) are Steiner triple systems, we know 7¥ is a
permutation of length at most 3¥ + 1. Thus, Claim 3.2 is established, and the next
result follows immediately.

Corollary 3.5. There is a full rotation around the vertex x.

3.2 The rotation about ¢(x)

The argument for the rotation about ¢(x) is of the same style as that for x. We
continue to use vy, Yk, ¢r_1, and ¢ as in Subsection 3.1. We will also denote ¢(x) =
gbk(X) by {i‘li'g s i’k

Define the following maps, for 1 <r <k, 4, : Z; — Z%; and 7 : Zs — Zs by

Yoot Y= (=21 — Yy, — T2 — Yo, s =T — Yr)
o oz =T — 2,
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where the computations are made modulo three. Note that 4, and 4 are involutions.
As 4 is an involution, the subset of triples from C containing ¢ (x) is

{009,y 30} |y € Zhy # an0) } U { {00, 00, 0x(3)} }.

and, as z = ¢y (y) implies that ¢x(V£(z)) = ¢r(1(¢) ' (¥))), the subset of triples from
D containing ¢ (x) is

{600,y %0} {0X). 7. o nl0c N} |y € Zhoy # 663 } U

{6403, 00,x} }.

Hence, the rotation around ¢ (x) contains the following cycle.

C D

Or(x) 1 00— dp(x) = by 5 (b)) = by~ Fi(ba) = dr(1(0; [ (r(b2))))

& (e (85 (G (D2))))) = by — (bs) = by — Fy(by)
2 0 (1(85 (3(b4)))) ~= A (D1 (3 (D5 (B (D4))))) = bs 2 ---

55 (b5 (i (b2j—2))))) = baj1 — u(baj_1) = ba; — 35.(bzy)

— Ok (Ve(dr, (r(b25)))) < A (o (1 (05 (A (b2;))))) = x BEANINS

We will prove that the rotation around ¢y(x) consists precisely of this cycle. We
will use the following notation, which is introduced above, for all 2 < 2¢ < 25,

bae = Ye(bar—1)  and  borrr = Fi(dr(ve(0r " (Gr(b2e)))))-
It suffices to show that w,f’“(x) = (coby by -+ - bgjbajiq) is a permutation of length
3% +1; we do so by induction (once again, the base case, for AG(2, 3), is easily estab-
lished). Let m = 3*~! and assume that for ¢y_1(x') = 2129 - - - 2_; the permutation

w,fﬁ’ll(x/) has length m + 1 and denote it as

w,fﬁl(X/) = (OO ’A}/kfl((bkfl(al)) :kal(¢k71(a2>> :)/kfl(qﬁkfl(am)) )7
where Y4-1(dr-1(a1)) = dp-1(x’) and Yx_1(dx-1(an)) = x".
We now partition the set {2, 3, ...,3m} into two disjoint sets Jy and J; as follows.

There is a unique 1 < r < m such that a, = 0; write r = 2s or r = 25 — 1 depending
on the parity of r. If r = m, set Jy = {m + 1}; otherwise, set

Jo = {2s,2m + 2s,2m — 2s + 2}.

In either case let J; = {2,3,...,3m} \ Jo.
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Claim 3.6. The permutation w,f’“Tx) 1s given by the cycle

(00 Ak(or(arfi)) Y(dr(azf2)) oo W(Pr(@mn-1fm-1))  W(Pr(@mfm))
Ye(Pk(@mfmi1)) Ye(Pu(am—1fme2)) - W(Pe(azfom-1))  An(dr(arfam))
Ye(r(@arfom1))  Ar(Or(@zfome2)) - (Or(@m-1fsm—1)) Fe(P(anfsm)))

where
.’Z’k Zf ap 7£ 0
fi =

ir—1 ifa; =0,

and fori > 1
Y(fic1) =1 ifi€ Jo,x' #0, and a,, # 0
= Y(fic1) —2 ifie Jy,x' #0, anda,, =0
' Y(fic1) + 1 ifi € Jy,iis even, and X' =0
Y(fi-1) otherwise.

We again make use of Equation (3) from Subsection 3.1; additionally, the following
new identities will be useful when establishing the value of each f; in the permutation

w,f’“(x) . From

Ye-1(Pr-1(a2e11) = A—1(Pr—1(Yr—1(d5 1 (o1 (Fe—1(dr-1(a2)))))))
= Y-1(Pr—1(vr-1(az))),

we obtain, for 2 <20 <m — 1,

a1 = Yk—1(az) and g1 (ager1) = agy. (4)

Similarly, we obtain, for 2 <2/ <m — 1,

Yi—1(Pr—1(aze)) = Yr—1(Ve—1(Pr—1(az—1))) and

Vi1 (Fr—1(Pr-1(aze))) = Yx—1(Pr—1(a2-1)). (5)
Finally, we note that —z; — ; = —2z; = 2; for all ; € Zs, so
Ar-1(dr-1(X')) = Pp—1(x') and Y(Zx) = @4. (6)

Recall that f4-1(¢r-1(a1)) = dx-1(X), 80 J—1(Fk-1(Pr-1(a1))) = Jr-1(Pr-1(x")).
Hence, by Equation (6), ¢_1(a1) = ¢r_1(x’), and therefore a; = x’.

We proceed by induction on 1.

If a; # 0, then

by = ¢r(x) = dp1(X) @k = F-1(dr—1(a1))¥(@x) = Ye(Pr—1(a1)Tr) = Ju(Pr(aiiy)),
SO f1 = .
If a; = 0, then
(6)

by = or(x) = dp1(X)Br = Fr1(dr1(a1)) ()
= Ar(Pr-1(a1)ir) = Jr(Pr(ai(@r — 1)),
SO f1 = .fi'k —1.
Assume now that Claim 3.6 holds for all 1 < ¢ < n — 1; we will show the claim
holds for n.
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Lemma 3.7. Suppose that n € Jy and x' # 0. Then

f — ’Y(fnfl)_l Zfam#o

" Y(foo1) —2 ifa, =0.
Proof. Recall that r is the unique index such that a, = 0; since a; = x' # 0, we
know r > 1 and ¢ (x) = ¢p_1(X')xk, 80 Ty = x. From this we obtain, for all y € Zs,

YY) = (=% —y) = —z + T + y =y and
YO W) =z —y) = T + o +y =y,
so v and 4 commute.

We consider three cases, when r = m, when r is even (r = 2s), and when r is odd
(r =2s — 1) and not equal to m.
Case 1:  =m. Then n =m+ 1 and
b1 = Yk(bn) = W (r(r(am fin))) = W (Gr(dr-1(am)(fm +1))))
N N N 3) s~
= (G 1(G5-1(@n) A + 1) = 11 ()G o+ 1) E XA (fn + 1))
= Ye-1(dr-1(a1))F(7(fm) = 1) = ne(dr(ar(v(fm) — 2))).
Thus, f, = v(fn1) — 2.
Case 2: r = 2s; that is ays = 0. So, ays 1 # 0. First assume that n € {2s,2m+2s}.
Then

b, =7(bn-1) = 1 (Gr(Pr(@2s-1fn-1))) = V(I(Pr-1(a25-1) fu-1))
= Y1 Bt (B2 (B2e- )Y G (Fam1) 2 A1 (D11 (22))F (1 (Fu))
= Yi(Pr—1(a2s) (V(fn1))) = Wn(Pr(azs (Y(fu1) — 1)))-

HGHCG, fn = V(fnfl> — L
Now assume that n = 2m — 2s 4 2; then

b, = Yk(bu-1) = 1Dk (azs fu1))) = (I Pr-1(ags) (fu1 +1)))
= Vo1 (Ve—1(Pr—1(a25)) )y (Y (fro1 + 1)) & Ar—1(Pr-1(a2s—1))Y(V(fr1 + 1))

= Y(Pr-1(az2s-1) (V(fu-1 + 1)) = Jn(@r(azs—1(7(fo-1) — 1))).
807 fn = ’Y(fnfl) -1
Case 3: r = 2s — 1 and r # m; that is ass_; = 0. So, ass # 0. First assume that
n € {2s,2m + 2s}. Then

b, = Yk(bu-1) = 1k (azs-1fn-1))) = W (r(Pr-1(a2s—1)(fu-1 +1)))
= YMe-1(—1(Pr-1(a2-1)))v(Y(fu1 + 1)) o Ar-1(Pr—1(a2¢))7(V(fa1 + 1))

= W(Pr-1(a25) (Y (o1 + 1)) = ek (a2s (V(fu1) = 1))

Hence, fn = ’y(fn—l) — L
Now assume that n = 2m — 2s 4 2; then

b, = Yk(bu-1) = V(W (dk(azs fr-1))) = (I (Pr-1(a2s) fu-1))

= Vi1 (Ye—1(Pr—1(a2s)) ) Y(¥(fr-1)) o Ar-1(Pr—1(azs-1))¥(v(fa-1))
= Y(Pr-1(a21(V(fn-1))) = Ar(Pr(@2s1(V(fro1) — 1))).

ThUS, fn = V(fn—l) — 1 O
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Lemma 3.8. Suppose that n € J; and x' # 0. Then f, = v(fu_1).

Proof. Since x’ # 0, following the same argument as that given at the beginning of
the proof of Lemma 3.7, we have that v and 4 commute. Once again, we will consider
three cases, when n is even and n # m + 1, when n is odd, and when n = m + 1.

Case 1: n is even and n # m + 1. First assume that n = 2¢ or n = 2m + 2/ for
2 <20 <m —1. Note that, asn € Jy, { # s, so ag;_1 # 0 and ag, # 0. So

b, =k(bn-1) = 1(k(Pr(@z-1fn1))) = %(%((? 1(aze-1)fu-1))
= Y1 (1 (11 (@2 )ONYE L) 2 A1 (S11(220))F (Y (fa )
= Y(or(azey(fn-1)))-

Hence, f, = v(fn-1)-
Now assume that n = 2m — 20 + 2. Again, as n € Jy, { # s, so a1 # 0 and

ag # 0. Hence

b, = (bn-1) = Mm(Ve(dr(azfn-1))) = %(%((? 1(aze) fr-1))
Z’kal(%fl(%q(aﬂ))) ( (fn 1)) = ’Yk 1(¢ (82271))’7(’7(][%1))
= Yi(dr(aze—17(fu-1)))-

Thus, fo = 7(far).

Case 2: n is odd. First assume that n =20+ 1 orn =2m + 2¢ + 1. Then

A (D (Ve (Dr (G (bn-1))))) = Ar Dk (Ve (D1, (i (k (D (a2efn-1)))))))

— A (e (@se fu1))) = An(Dr(Ve1(220)7(fa-1))) 2 An(Dr(@2es 17 (fa1))-

S0, fu =(fn-1).
Next, assume that n = 2m — 2¢ + 1. Then
by, = A0k (Ve(dr (e (br-1))))) = A (Dr(Ve(dr " (e (D (azes1 fn-1)))))))
= 3 (e (@211 1)) = A (S (e (2061 (Fn-1))) 2 Ak (@(a207(fao1)))-

Thus, f, = ¥(fa_1).
Finally, assume that n = 2m + 1. Then, recalling that a; = x/,
Do = Fi(Dr (0 (01 (Tr(D2))))) = (D1 (V@7 (G (e (Dr (@1 f2m)))))))
V(P (yr(@rfom))) = (o (yp—1(x)y (f2m)))( k(Dr(xX7(f2m)))
Ye(Pr(@ary(fam)))-

HGHCG, f2m+1 = 7(f2m)
Case 3: n=m+ 1. If 4(f,n) = =, then

’A}/k((bk(amfm)) = '?kfl((bkfl(am));y(]%m) = X/l'k = X.

However, this implies oo follows b,, = x in the rotation around ¢(x). Thus, we
first show that 4(f,) # zx. Since X' # 0, x;, = T} and it suffices to show f,, # .

b,
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Note that v(y) = 4(y) = @i if and only if y = #. Recall that r is the unique
index such that a, = 0, and set r* = r — 1 if r is odd and set r* = r if r is even.
From above we have that f; = v(fi—1) for all 2 < i < m, i # r*. Thus, f; = %
for 1 <i <r*—1and f; # 2 for r* < i < m. As a,, # x’ and recalling that
X' = Y_1(x") = Y—1(dr_1(a)), we have that

b1 = Ye(bm) = %(%(éb (@mfm))) = 1(r-1(Pr—1(am))Y(frm)) = WXV (fm))

— e ()Y A) Z XA F)) = A (D51 (2m) AV (i)
= Vk;(gbk(am'y(fm)))

Hence, fii1=7(fn). O]
Lemma 3.9. Suppose that n € Jy and x' = 0. Then f, = v(fa_1)-

Proof. We have that a; = %', sor =1 and Jy = {2,2m + 2,2m}. Since x' = 0, we
have ¢g(x) = ¢p—1(x')(xr + 1), so T = x, + 1. From this we obtain, for all y € Zs,

k
Yv(y) +1) =2 —y+1) = -+ +y—1l=y—-2=y+1,

so 7(3(y)) =Y(v(y) + 1).
Note that as # 0. First assume that n € {2,2m + 2}. Then, as 0 = x’ = ay,
b, = Y(bn1) = W(Gu(dr(aifo-1))) = E k(Pr-1(a1)(foo1 +1)))

= V-1 (Ve-1(Pr-1(a1)))y(Y(fu1 + 1)) 7 (¢k 1(@2)y(v(far +1) + 1)
= Yr-1(Pr1(a2))y(—=2x — fac1 = 1+ 1) = Y1 (dr-1(a2))Y(v(fr-1)
= Jr(or(az(v(fa-1))))-

Hence, f, = v(fn-1)-

So assume that n = 2m; then

by = Ye(bam-1) = Ve(r(r(azfom-1)))

g<>

— |

5: Ve (Ve (Pr-1(a2) fom—-1))

= Vo1 (Ve—1(Pr-1(a2)))7(7(fom-1)) o Yr-1(r-1(a1))y(v(fam—1) + 1)
= Y(or(ar(v(fam-1))))-

ThUS f2m = ’y(fgm_l). ]

Lemma 3.10. Suppose that n € J; and x' = 0. Then

~f (fas1) + 1 if nods even
Jn = Y(fn-1) if n is odd.

=

Proof. Since x’ = 0, as in the proof Lemma 3.9, we have that Z;, = z; + 1 and
v(A(y)) = 4(y(y) +1). We consider three cases, when n is even and n # m+ 1, when
n is odd and when n =m + 1.
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Case 1: n is even and n # m + 1. First assume that n = 2¢ or n = 2m + 2¢. Note
that,as 0 =x"=a; and n € J;, £ # s =1, so ag_1 # 0 and ay, # 0. Hence

b, = 7(bn-1) = (Yr(dr(aze—1.fn-1))) = Ve(Yr(Pr—1(a20—1) frn-1))
— 1 (1 (D1 (a2 1)) VEFa 1)) 2 A1 (Dr1(220)) G (V(fat) + 1))

= Yi(Pr(age(Y(fr1) +1))).

807 fn = ’Y(fnfl) + 1.
Now assume that n =2m — 20 + 2. Again, asn € J;, { # s =1, so agy_1 # 0 and

agy # 0. Hence

b, = Yi(bn-1) = 1 Vr(dr(azefn-1))) = 1 (r(Pr-1(aze) fn-1))
— 1 (1 (r-1(220)) V(A (Fa1)) 2 A1 (@1 (A5 1))F (Y (far) + 1)

= Yr(Pr(aze—1(y(fa1) +1))).

Hence, fn = ’y(fn—l) + 1.
Case 2: n is odd. The proof is identical to Case 2 in the proof of Lemma 3.8.

Case 3: n=m+ 1. If 4(f,n) = =, then

’%ﬁ(gbk(amfm)) = '?k—l(gbk;—l(am))ﬁ/(fm) = Xll'k; = X.

However this implies that oo follows b,, = x in the rotation around ¢(x). Thus,
we first show that (f,,) # zx. Since m = 3(mod 6), it suffices to show that
A(fi) = xp + 1 for all 3 < i < m satisfying ¢ = 3 (mod 6). We note that a; = 0, so
fi=ar —1=ux and Jy = {2,2m + 2,2m}. Thus, by Lemma 3.9 fo = v(f1) = xx,
and, from the above, for all 3 <i <m, f; =v(fi_1) + 1 if i is even and f; = v(fi_1)
if 7 is odd. We compute as a base case that f3 = v(fy) = xx. If 7 is odd, then

fi=(fic1) =7(V(fice) +1) =v(—2 — fico+1) = =z + 23+ fio — 1= fio— 1.

Now assume that f; = xy for all 3 < i < m’ (where m’ < m) satisfying ¢ = 3 (mod 6).
We obtain the sequence
Jire=fi—1=mz, -1
fixa= fizo—1 =1, — 2
fire = fiva — 1=y
Thus, for all 3 < i < m satisfying ¢ = 3 (mod 6), we have that f; = z; and Y(f;) =
—Ip —ap = —x + 1 —xp = =22, + 1 = 2, + 1. Therefore Y(f,,) # xx.
Hence, as 9x_1(¢x_1(a,)) = X’ and a,, # 0,

b1 = (bm) = 1k (O (amfim))) = V(Gr—1(Pr—1(am))Y(fm)) = W(X'Y(fm))

= Y1 (X)Y(F(fm)) 9 X'Y(V(fm) + 1) = Yr-1(de—1(am))Y(V(frm) + 1)
= Vi (Pr(am(v(frm) + 1))).

Thus frne1 =v(fm) + 1. O
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From Lemmas 3.7, 3.8, 3.9 and 3.10, we know w,f’“(x) is a permutation of length at
least 3m + 1 = 3% + 1. Since (W,C) and (W, D) are Steiner triple systems, we know
w,f’“(x) is a permutation of length at most 3¥ 4+ 1. Thus, Claim 3.6 is established, and

the next result follows immediately.

Corollary 3.11. There is a full rotation around the verter ¢(x).

3.3 Nonorientability of &

Theorem 3.12. For all k > 2, 6(AG(k,3)) has a self-embedding in a nonorientable
surface.

Proof. The construction of the pseudo-surface S is from two Steiner triple systems
isomorphic to §(AG(k, 3)). By Lemma 3.1 and Corollaries 3.5 and 3.11, S is a surface
and hence the accompanying face 2-coloured triangulation is a self-embedding of
0(AG(k, 3)).

It remains to show that this embedding is in a nonorientable surface. Assume to the
contrary, so that Ringel’s Rule A* holds. Let 01 =00...0,1;,_; =11...1,2;, 1 =
22...2 € Z5 ', and take the rotation around oo to be orientated as written in Lemma
3.1, that is

(O O m Ok_lo m 1k—12 cee .

For x = 0,10, let b;, a;, and f; be defined as in Section 3.1. The triples
{04-10,0511,04_:2} € C and {04_10,0;,_11,1;_10},{0x_10,012, 1,12} € D
imply that the rotation around 0;_;0 is either

Ok,lo:... 1k,10 Okfll Ok,12 1]{,12 ... Or
Ok_10:... 1k—12 Ok_12 Ok_ll lk_l() ee

Recall that a,, = x’ = 0;_;. So, by Claim 3.2, we have that f; =0, f; = y(fi—1) =
0foral 2<i<m-—1and f, =7(fm1) —1 = 2. Hence, again by Claim 3.2,
b, = ¢(an2) = 15,10 and by, = d(a,v(2)) = 1x_12.

With the rotation around co orientated as above, in order to satisfy A* the rotation
from Claim 3.2 must be oriented so that 05_10: 00 0,10 ... .Asb,, = 1;_,0 and
b1 = 1512, it follows that

Ok,10IOO Ok,10 1]{,10 Okfll Ok,12 1]{,12 e

Now let b;, a;, and f; be defined as in Subsection 3.2 for ¢ (x), where x = 05_;1
and ¢ (0x_11) = 1;_12. Observe that {0;_10,05_12,1;_12} € D. Hence, either

1k712 . Ok,lO Ok,12 ... or
1k—12 P Ok_12 Ok_10 e

From Case 3 in the proof of Lemma 3.10 we have that f,, = x;, = 1. By Claim 3.6,
b = Yk(Pr(am fmn)). Also recall that 441 (¢dr—1(am)) = x = 01, hence ¢p_1(an,) =
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21, so &, = 12...2. Hence, b,, = Y(¢x(12...21)) = A(2,_11) = 0x_10. As
b; = 1412, it follows that a; = 0x_;. So, by Claim 3.6 and as m+1 is even, b,,, 11 =

Y (Or(amfimr1)) = (@r(12...2(v(fm) + 1)) = W(Pr(12...22)) = (21-12) =
0:._12. So the rotation at 1,_;2 is either

1]{,12 .00 1]{,12 Ok,lO Ok,12 ... or
1k—12 . 1k—12 oo ... Ok_12 Ok_10 e

The rotation about 0;_;0 implies that the facial walk of the face containing the
vertices 010, 0x_12 and 1;_;2 has the cyclic ordering (0y_10,0;_12,1;_12); hence
the first option for the rotation at 1,_;2 must hold.

The rotation about oo implies that the facial walk of the face containing oo, 1;_;2
and 1,12 has the cyclic ordering (0o, 1;_12,1;_12); so the second option for the
rotation at 1;_;2 must hold.

This contradicts A*, so the constructed self-embedding of 0(AG(k,3)) is in a
nonorientable surface. 0

Note that the system §(AG(1,3)) is isomorphic to the unique STS(7), which has
a self-embedding only in an orientable surface (there is no triangulation of K in
a nonorientable surface [5] and Figure 1 illustrates a self-embedding on the torus).
Following the above construction, with £ = 1, produces the toroidal biembedding.
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